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Abstract
Trigonometric sums over the angles equally distributed on the upper half plane are investigated system-
atically. Their generating functions and explicit formulae are established through the combination of the
formal power series method and partial fraction decompositions.
© 2007 Elsevier Inc. All rights reserved.
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For a natural number n and trigonometric function T (x) (for example, sec- and csc-functions),









When y = 0, the corresponding sums have extensively been studied by Chu and Marini [5,6]
through partial fraction decompositions. Berndt [2] has employed the Cauchy residue theorem
to treat the trigonometric reciprocity. Similar trigonometric sums have important applications in
classical analysis, such as integer-valued problems by Byrne and Smith [3], Dedekind sums by
Gessel [8] and Zagier [11], the matrix spectrum by Calogero [4, §2.4.5.3] as well as trigonometric
approximation and interpolation in Kress [9, §8.2]. For the parametric trigonometric sums, refer
to the most recent works due to Chu [7] and Mohlenkamp and Monzón [10].
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X. Wang, D.-Y. Zheng / J. Math. Anal. Appl. 335 (2007) 1020–1037 1021The purpose of this paper is to investigate the closed formulae of the sums displayed in ().
This will be fulfilled by combining the formal power series method with partial fraction de-
compositions. We shall establish numerous trigonometric sum identities with an extra free para-
meter y, which generalize naturally the corresponding results obtained by Chu and Marini [5].
The paper will be divided into three sections with each one consisting of four main classes of
trigonometric sum identities. Hopefully, these identities will find further applications in the clas-
sical analytic topics just-mentioned.
Throughout the paper, we shall utilize, for two indeterminate x and z with |z| < 1, the two




















= cos(x arcsin z); (0.1b)
as well as their following variants:
2F1





= sin(x arcsin z)
xz
√










= cos(x arcsin z)√
1 − z2 (0.2b)
where the last two identities can be derived from the first two without difficulty by means of the
differentiation with respect to z. The reader may consult Bailey [1] for the theory of generalized
hypergeometric series.
1. Summations over {y + kπn } with n ≡ 1 (mod 2)
Throughout this section, n will denote an odd natural number.
For an odd natural n, we have the following summation formulae:
n−1∑
k=0
(−1)k cos (y + kπ/n)
cos2 θ − cos2 (y + kπ/n) =
2n sinnθ cosny




cos2 θ − cos2 (y + kπ/n) =
n sin 2nθ
sin θ(cos 2nθ − cos 2ny) (1.0.1b)
which will be the starting point for us to investigate the closed formulae of trigonometric sums.




1 + x2 − 2x cos (y + 2kπ/n) =
n(1 − x2n)
1 + x2n − 2xn cosny , (1.0.2a)
n−1∑
k=0
x sin (y + 2kπ/n)
1 + x2 − 2x cos (y + 2kπ/n) =
nxn sinny
1 + x2n − 2xn cosny . (1.0.2b)
From (1.0.2a), it is trivial to see that
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(1 + x)2/4x − cos2 (y + kπ/n) .
With θ and x being related by (1 + x)2/4x = cos2 θ and x = e±2iθ , the last equation can be
reformulated as
n sin 2nθ cot θ




cos2 θ − cos2 (y + kπ/n)
which is exactly (1.0.1b).
Similarly, we can also rewrite (1.0.2a) as
n(1 − x2n)(1 + x2)




(1 + x2)/2x − cos (y + 2kπ/n) .
For θ being defined through (1 + x2)/2x = cos θ , we have x = e±iθ . When n is an odd natural
number, we rewrite the last equation as
n sinnθ cot θ









cos θ − (−1)k cos (y + kπ/n) . (1.0.3b)
Then (1.0.1a) follows immediately from the difference between the last equation and (1.0.1b)
times cos θ . 
Now we are ready to derive four classes of trigonometric summation formulae from (1.0.1a)
and (1.0.1b).

















sin (2n arcsin z)
{cos (2n arcsin z) + cos 2ny} . (1.1.2)
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Aa2(n, y) = n2 sec2(ny),





n2 − 1) sec2(ny),
Aa6(n, y) = n6 sec6(ny) − n4
(




n2 − 1)(n2 − 4) sec2(ny).
Sketch of proof. The formal power series of (1.0.1b) may be stated as
n cos θ sin 2nθ







where the summation order has been changed. Then the generating function (1.1.2) for
{Aa2p(n, y)} follows immediately from this expansion under the replacement cos θ → z,
sin 2nθ = sin(2n arcsin z), cos 2nθ = −cos(2n arcsin z) and some trivial simplification.
For z = sin θ , we may rewrite the generating function (1.1.2) as
nz√
1 − z2
sin (2n arcsin z)























e2(j−1)niθ − e2(1−j)niθ}. (1.1.4d)
In view of (0.2a), the imaginary part of the last line equals
2z√




1 − z2 sin
{
2(j − 1)n arcsin z}
= 4(j − 1)nz22F1
































The inner sum in the last expression with respect to j is the 2mth difference operation on a poly-
nomial with degree 2p−1, which vanishes for p m. Therefore we may replace the summation
limit for m by p − 1 and restate the formula as (1.1.3a)–(1.1.3b). 

















cosny sin(nπ/2) cos (n arcsin z)
{cos (2n arcsin z) + cos 2ny} . (1.2.2)
Explicit formulae.























Examples. Let “±” denote the alternating signs corresponding to n ≡ ±1 (mod 4), respectively.
Then we have
Ba1(n, y) = ±n sec(ny),
Ba3(n, y) = ±
{
n3 sec3(ny) − n
2
(
n2 − 1) sec(ny)
}
,
Ba5(n, y) = ±
{




n2 − 1) sec3(ny) + n
24
(
n2 − 1)(n2 − 9) sec(ny)
}
.
Sketch of proof. The expansion of (1.0.1a) in formal power series reads as
2n cos θ sinnθ cosny








which results in the generating function (1.2.2) for {Ba1+2p(n, y)} under the replacement
cos θ → z and some trivial modification.
For z = sin θ , we may rewrite the generating function (1.2.2) as
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1 − z2
cosny sin(nπ/2) cos (n arcsin z)

























In view of (0.2b), the real part of the last expression equals
1√




1 − z2 cos
{
(2j − 1)n arcsin z}
= 2F1
[




































The last sum with respect to j is the 2mth difference operation on a polynomial with degree 2p,
which vanishes for m > p. Therefore we may replace the summation limit for m by p and rewrite
the last formula as (1.2.3). 

















sin (2n arcsin z)
{cos (2n arcsin z) − cos 2ny} . (1.3.2)
Explicit formulae.
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8 − 10n2 + 2n4
+ 15n2 csc2(ny) − 15n4 csc2(ny) + 15n4 csc4(ny)}.
Sketch of proof. Rewrite the trigonometric identity (1.0.1b) as
n sin θ sin 2nθ
















Then the substitution sin θ → z leads us to the generating function (1.3.2).
For z = sin θ , we may reformulate the generating function (1.3.2) as
nz√
1 − z2
sin (2n arcsin z)






By employing the same expansion as that for (1.1.4b), we can write down the explicit formula
(1.3.3) directly from (1.1.3a)–(1.1.3b). 




















2p = 2nz cosny sin (n arcsin z)
cos (2n arcsin z) − cos 2ny . (1.4.2)
Explicit formulae.
















(j − 12 )n
jn + p − n+12
(




X. Wang, D.-Y. Zheng / J. Math. Anal. Appl. 335 (2007) 1020–1037 1027Examples.












9 − 10n2 + n4
+ 60n2 csc2(ny) − 60n4 csc2(ny) + 120n4 csc4(ny)}.
Sketch of proof. Reformulate the trigonometric identity (1.0.1a) as
2n sin θ sinnθ cosny




2 θ cos(y + kπ/n)







(−1)k cos(y + kπ/n)
sin2p(y + kπ/n) .
This leads, under the substitution sin θ → z, to the generating function (1.4.2).
For z = sin θ , we may reformulate the generating function (1.4.2) as
2nz cosny sin (n arcsin z)
































× 2z sin{(2j − 1)n arcsin z}.
















jn + p − n+12
(



















(j − 12 )n
jn + p − n+12
(
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2p − 1, which vanishes for m  p. Therefore we may replace the summation limit for m by
p − 1 and rewrite the last formula as (1.4.3). 
2. Summations over {y + kπn } with n ≡ 0 (mod 2)
Throughout this section, n will denote an even natural number. In this case, there hold simi-




cos2 θ − cos2 (y + kπ/n) =
2n sinnθ cosny




cos2 θ − cos2 (y + kπ/n) =
n sin 2nθ
sin θ(cos 2nθ − cos 2ny) . (2.0.1b)
Sketch of proof. The proof of (2.0.1b) is exactly the same as that for (1.0.1b).





cos2 θ − cos2 (y + 2kπ/n) =
n sinnθ
2 sin θ(cosnθ − cosny)





cos2 θ − cos2 (y + kπ/n) =
n sinnθ
sin θ(cosnθ − cosny) . (2.0.2)
Then the difference between (2.0.2) and (2.0.1b) leads us to (2.0.1a). 
Based on (2.0.1a) and (2.0.1b), we can similarly establish four classes of trigonometric sum-
mation formulae.

















sin (2n arcsin z)
{cos (2n arcsin z) − cos 2ny} . (2.1.2)
Explicit formulae.






























8 − 10n2 + 2n4
+ 15n2 csc2(ny) − 15n4 csc2(ny) + 15n4 csc4(ny)}.
Remark. Following the same process as in Section 1.3, we can establish the explicit for-
mula (2.1.3) from the generating function (2.1.2).
Sketch of proof. Reformulate (2.0.1b) as the formal power series
n cos θ sin 2nθ










cos2p(y + kπ/n) .
Then the generating function (2.1.2) for {Ab2p(n, y)} follows immediately from this expansion un-
der the replacements cos θ → z, sin 2nθ = −sin(2n arcsin z) and cos 2nθ = cos(2n arcsin z). 















2p = (−1) n2 2nz√
1 − z2
cosny sin (n arcsin z)
{cos (2n arcsin z) − cos 2ny} . (2.2.2)
Explicit formulae.




















Examples. Let “±” denote the alternating signs corresponding to n ≡ 0,2 (mod 4), respectively.
Then we have
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4 − n2 + 6n2 csc2(ny)},





64 − 20n2 + n4
+ 120n2 csc2(ny) − 60n4 csc2(ny) + 120n4 csc4(ny)}.
Remark. Following the similar process as in Section 1.4 through (0.2a), we can establish the
explicit formula (2.2.3) from the generating function (2.2.2).
Sketch of proof. Notice that (2.0.1a) may be restated as a formal power series
2n cos θ cosny sinnθ

















We get, from this expansion, the generating function (2.2.2) for {Bb2p(n, y)} under the replace-
ments cos θ → z, sinnθ = −cos (nπ/2) sin(n arcsin z) and cos 2nθ = cos(2n arcsin z). 

















sin (2n arcsin z)
{cos (2n arcsin z) − cos 2ny} . (2.3.2)
Explicit formulae.

































8 − 10n2 + 2n4
+ 15n2 csc2(ny) − 15n4 csc2(ny) + 15n4 csc4(ny)}.
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the same way as in Section 1.3.
Sketch of proof. Rewrite (2.0.1b) in terms of the formal power series
n sin θ sin 2nθ










sin2p(y + kπ/n) .
It becomes the generating function (2.3.2) for {Cb2p(n, y)} under the replacement sin θ → z and
some trivial modification. 

















cosny sin (n arcsin z)
{cos (2n arcsin z) − cos 2ny} . (2.4.2)
Explicit formulae.

































64 − 20n2 + n4
+ 120n2 csc2(ny) − 60n4 csc2(ny) + 120n4 csc4(ny)}.
Remark. Notice that the generating function (2.4.2) differs from (2.2.2) only in the alternating
factor (−1)n/2. Therefore we may write down the explicit formula (2.4.3) from (2.2.3) immedi-
ately.
Sketch of proof. The formal power series expansion of (2.0.1a) reads as
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which reduces to the generating function (2.4.2) for {Db2p(n, y)} under the replacement sin θ → z
and some trivial simplification. 
3. Summations over { 1+2kn π} with n ≡ 0 (mod 4)




(−1)k sin (y + 1+2k2n π) cos (y + 1+2k2n π)
cos2 θ − cos2 (y + 1+2k2n π)
= 2n cosnθ cosny




cos2 θ − cos2 (y + 1+2k2n π)
= n sin 2nθ
sin θ(cos 2ny + cos 2nθ) . (3.0.1b)
Sketch of proof. We can get (3.0.1b) from (1.0.1b) under the replacement y → y + π2n and some
trivial modification.
Following the same proof as that of (1.0.2a) to (1.0.1b), we have no difficulty to derive from
(1.0.2b) another trigonometric summation formula:
n−1∑
k=0
sin (y + kπ/n) cos (y + kπ/n)
cos2 θ − cos2 (y + kπ/n) =
n sin 2ny
cos 2nθ − cos 2ny . (3.0.2)




sin (y + kπ/n) cos (y + kπ/n)
cos2 θ − cos2 (y + kπ/n) =
n sinny
2(cosnθ − cosny) . (3.0.3)




sin (y + kπ/n) cos (y + kπ/n)
cos2 θ − cos2 (y + kπ/n) = −
n sinny
2(cosnθ + cosny)
which reads, under substitution n → 2n, explicitly as
n−1∑
k=0
sin (y + 2k+12n π) cos (y + 2k+12n π)
cos2 θ − cos2 (y + 2k+12n π)
= − n sin 2ny
cos 2nθ + cos 2ny . (3.0.4)
For the left-hand side of (3.0.4), we now consider the partial sum consisting of terms with even
indices. With n being replaced by 2m, it can be expressed as
n−1∑
k=0
sin (y + 2k+12n π) cos (y + 2k+12n π)




sin (y + jπ
m
+ π4m) cos (y + jπm + π4m)









sin (y + 2k+12n π) cos (y + 2k+12n π)
cos2 θ − cos2 (y + 2k+12n π)
= m sin 2m(y +
π
4m)
cos 2mθ − cos 2m(y + π4m)
= m cos 2my
sin 2my + cos 2mθ .




2 sin (y + 2k+12n π) cos (y + 2k+12n π)
cos2 θ − cos2 (y + 2k+12n π)
= n cosny
sinny + cosnθ . (3.0.5)
Subtracting (3.0.4) from (3.0.5) results finally in (3.0.1a). 
The four classes of trigonometric summation formulae derived from (3.0.1a) and (3.0.1b) may
be displayed as follows.


















sin (2n arcsin z)
{cos (2n arcsin z) + cos 2ny} . (3.1.2)
Explicit formulae.





















Ac2(n, y) = n2 sec2(ny),





n2 − 1) sec2(ny),
Ac6(n, y) = n6 sec6(ny) − n4
(




n2 − 1)(n2 − 4) sec2(ny).
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function (3.1.2), the explicit formula (3.1.3).
Sketch of proof. The formal power series of (3.0.1b) may be stated as
n cos θ sin 2nθ











cos2p(y + 1+2k2n π)
where the summation order has been changed. Then the generating function (3.1.2) for
{Ac2p(n, y)} follows immediately from this expansion under the replacements cos θ → z,
sin 2nθ = −sin(n arcsin z) and cos 2nθ = cos(n arcsin z). 


















sin (2n arcsin z)
{cos (2n arcsin z) + cos 2ny} . (3.2.2)
Explicit formulae.





















Bc2(n, y) = n2 sec2(ny),





n2 − 1) sec2(ny),
Bc6(n, y) = n6 sec6(ny) − n4
(




n2 − 1)(n2 − 4) sec2(ny).
Remark. The same process employed in Section 1.1 may be used to derive the explicit formula
(3.2.3) from the generating function (3.2.2).
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n sin θ sin 2nθ











sin2p(y + 1+2k2n π)
which reduces to the generating function (3.2.2) for {Bc2p(n, y)} under the replacement sin θ → z
and some trivial modification. 






















1+2p = (−1)1+ n2 2nz cosny cos (n arcsin z)
cos (2n arcsin z) + cos 2ny . (3.3.2)
Explicit formulae.
















(j − 12 )n
jn + p − n2
(




Examples. Let “∓” denote the alternating signs corresponding to n ≡ 0,2 (mod 4), respectively.
Then we have
Cc1(n, y) = ∓n sec(ny),
Cc3(n, y) = ∓
{






Cc5(n, y) = ∓
{




5n2 − 2) sec3(ny) + n3
24
(
n2 − 4) sec(ny)
}
.
Sketch of proof. Expand (3.0.1a) in terms of the formal power series
2n cosny cos θ cosnθ





2n π) cos(y + 1+2k2n π)










cos1+2p(y + 1+2k2n π)
cos1+2p θ
which reduces to the generating function (3.3.2) for {Cc1+2p(n, y)} under the replacement
cos θ → z, cosnθ = cos (nπ/2) cos(n arcsin z) and cos 2nθ = cos(2n arcsin z).
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(−1)1+ n2 2nz cosny cos (n arcsin z)
cos (2n arcsin z) + cos 2ny





















In view of (0.1b), the real part of the last line equals
cos
{
(2j − 1)n arcsin z}= 2F1
[












jn + p − n2
(


















(j − 12 )n
jn + p − n2
(




The last sum with respect to j is the 2mth difference operation on a polynomial with degree 2p,
which vanishes for m > p. Therefore we may replace the summation limit for m by p and rewrite
the result as (3.3.3). 






















1+2p = 2nz cosny cos (n arcsin z)
cos 2ny + cos (2n arcsin z) . (3.4.2)
Explicit formulae.
















(j − 12 )n
jn + p − n2
(
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Dc1(n, y) = n sec(ny),








5n2 − 2) sec3(ny) + n3
24
(
n2 − 4) sec(ny).
Remark. The generating function (3.4.2) differs from (3.3.2) only in the alternating factor
(−1)1+ n2 . Therefore we may write down the explicit formula (3.4.3) directly from (3.3.3).
Sketch of proof. The formal power series expansion of (3.0.1a) reads as
2n cosny sin θ cosnθ





2n π) cos(y + 1+2k2n π)










sin1+2p(y + 1+2k2n π)
sin1+2p θ
which reduces to the generating function (3.4.2) for {Dc1+2p(n, y)} under the replacement
sin θ → z and some trivial modification. 
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